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§ 1. INTRODUCTION 
Theorems on the convergence of singular integrals of a given function 
f towards f(x) were perhaps first systematically investigated from a 
general point of view by H. LEBESGUE and E. W. HoBSON, later by E. C. 
TITCHMARSH, G. H. HARDY and S. BocHNER. The well-known earlier 
result of FEJ]JR to the effect that the arithmetic means an of the partial 
sums of the Fourier series off converge to f(x) at every point of continuity 
off, seems to have played an important role in this development. These 
so called Fejer sums an(x), corresponding to the periodic function f, may 
be written in the form of a singular integral 
( 1.1) 
with kernel 
" 
an(x) = } J f(x+u) Kn(u) du 
v 2n 
-n 
Kn(u) = 1 (sin(:"+ 1)uf2)2. 
)i2n(n+1) smuj2 
DE LA VALLEE PousSIN [19] first rewrote the integral (1.1) m the 
alternate version 
00 
(1.2) ( ) 1 J f(x + u) (sin ( nu+/21 )uf2)2 du, an X = 2n(n+1) 
-00 
which is a special case of the more general form 
00 00 
(1.3) -re(x) = ~ J f(x+u) K(12u)du = ~ J f(u) K(12(x-u))du (12> 0). 
-oo -oo 
Here, the continuous parameter 12 takes the place of the discrete para-
meter (n+ 1), the periodicity of the function f does not enter explicitly, 
and so, in studying the convergence of Te(x) towards f(x) for 12 large, the 
version (1.3) will also give a result for non-periodic as well as for almost 
1) Some of the results of this paper were presented in colloqium lectures held 
on October 9, 1959 at the Rijksuniversiteit in Leiden, and on October 12, 1959 
at the Technische Hogeschool, Delft. 
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periodic functions. As BocHNER [2], [3] has shown, these convergence 
problems can also be readily extended to the multi-variable case. 
The other advantage is that many other well-known singular integrals 
can be written in this general form (1.3). So this is the case for the Gauss-
Weierstrass singular integral 
(1.4) 
00 
W(x; t) = ,~ J l(x+u) e-'U'!i.tdu, 
2 ynt 
-oo 
with kernel K(u) = V2 e-u• and e = (2Vt)-l; for the Poisson-Cauchy singular 
integral, for the Picard integral and others which arise in the theories 
of partial differential equations and integral equations and. which are 
to be discussed in this paper. 
This paper is divided into two parts. In Part I, General Theory, we 
establish general theorems on the convergence and approximation to l(x) 
by the singular integrals -r0 (x) for a general group of kernels. In particular, 
in § 2 we prove a general point by point approximation theorem for 
-r11(x), belonging to a class of theorems already discussed by BocHNER & 
CHANDRASEKHARAN [4]. In § 3 we discuss the asymptotic behaviour of 
the -r11(x) for large values of e provided a sufficient number of the moments 
f-lfJ of the kernel K are finite and sufficient derivatives of I exist. Only a 
special class of kernels will satisfy the former condition. In§ 4 we introduce 
certain linear combinations of the -r0(x) which give a better order of 
approximation to l(x) than the ordinary -r0(x). The asymptotic expansion 
theorem of § 3 is of importance here. In § 5 we give two representation 
theorems for -r11(x). In case I is periodic with period 2n having a Fourier 
series expansion, -r0 (x) can be represented as a series which arises from 
the Fourier series of f by insertion of uniformly bounded multipliers (the 
Fourier transforms of the given kernel). An analogous theorem holds in. 
case I is (non-periodic) of class L1(- oo, oo ). In both cases two fundamental 
inequalities are derived. This leads us to one essential aim of this paper 
which is the application of Fourier transform methods to a general 
class of problems in the theory of approximation. 
In Part II, we apply the general theory to special singular integrals. 
In § 6 we prove an inverse approximation theorem for the trigonometric 
polynomials of Jackson and in § 7 we give a new proof of the Jackson 
approximation theorem using the linear combination of § 4. In § 8 we 
give an asymptotic representation theorem for the Gauss-Weierstrass 
integral and also a new proof, merely using the methods of classical 
analysis, of a result of HILLE, one proof of which depended upon deep 
results in semi-group theory. Likewise for the Picard integral, but as this 
is not a semi-group operator it does not fall under the latter theory, 
yet can be successfully treated with our methods. Finally we treat the 
Cauchy-Poisson integral in § 9. The Fourier transform methods introduced 
in Part I are applied throughout. 
